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ABSTRACT

In the present paper, we precisely describe the location and structure of the essential spectrum
of a 3x3 operator matrix A p,u>0 associated to a system describing three particles in
interaction, without conservation of the number of particles, in the quasi-momentum
representation. Two and three-particle branches of the essential spectrum of A_p are identified.
The number of segments of the essential of A_p is studied with respect to the parameter p>0.

Keywords: operator matrix, essential spectrum, branches.

In statistical physics [1, 2], solid-state physics [3] and the theory of quantum fields [4] some
important problems arise where the number of quasi-particles is bounded, but not fixed. In [5]
geometric and commutator techniques have been developed in order to find the location of the
spectrum and to prove absence of singular continuous spectrum for Hamiltonians without
conservation of the particle number. Recall that the study of systems describing N (1 < N <
o) particles in interaction, without conservation of the number of the particles, is reduced to
the investigation of the spectral properties of self-adjoint operators, acting in the cut subspace
H ™) of Fock space, consisting of n < N particles [2-5]. We note that the location and structure
of the model operators acting in ) are studied in detail in [6-8].
Denote by T? the one-dimensional torus. Let H,, := C be the field of complex numbers, #; :=
L, (T?) be the Hilbert space of square integrable (complex) functions defined on T! and 7, :=
L3 (T?) be the Hilbert space of square-integrable symmetric (complex) functions on T2.
Denote by H the direct sum of spaces Hy, H; and H,, that Iis,
H = H,DH,DH,. By the definition a block operator matrix is a matrix the entries of which
are linear operators and every bounded linear operator acting in the Hilbert spaces H can be
written as a block operator matrix of order 3.
In the present paper we consider the operator A, u > 0 acting in the Hilbert space H as a
block operator matrix
Ao HA01 0
A, = pApr A pAg |, (1)
0 pAi; Az

with the matrix elements A;;: }{; - 3;,i < j,1,j = 0,1,2 are defined by
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Aoofo = €fos Aoifr = j sin 3t f;(t) dt
Tl

(A11/1)(x) = (¢ + 1 = (cos 3x)) f1 (=),

Ao fr(x) = f sin 3t f, (x, t)dt
T1
(A22/2)(x, ) = (& + 2 = (cos 3x) — (cos 3y)) fo(x, y).
Here f; € 3{;,i = 0,1,2. Under these assumptions the operator matrix A, defined by the
formula (1) is linear, bounded and self-adjoint in .
We remark that the operators Agy,, A1, and Ay, A7, are called annihilation and creation
operators [4], respectively. In physics, an annihilation operator is an operator that lowers the
number of particles in a given state by one, a creation operator is an operator that increases the
number of particles in a given state by one, and it is the adjoint of the annihilation operator.

It is clear that
(Ab1fo)(x) = sin3x - fo, fo € Hy;

1
(A1) y) = E(Sin3x - fi(y) + sin3y f1(x)); f1 € H;y.
In order to study the essential and discrete spectra of the operator matrix 4, we introduce a
generalized Friedrichs model h,, u > 0 which acts in H,DH; as

- ( Ago ﬂAo1>
H pAor A /)
It’s matrix elements Aj; ,1 < J,1, ] = 0,1 are given in the above. It is not difficult to prove that

operator h,, is linear, bounded and self-adjoint. We consider operator matrix h, in the Hilbert
space HyDH, as
-_ AOO 0
ro= ("5 ay,)

The perturbation h — h of the operator h, is a bounded self-adjoint operator matrix of rank 2.
From the definition one can conclude that the spectrum of h, is equal to
a(hy) = d(Age)Uc(41,)
where
0 (Ago) = 0gisc(Aoo) = {e}; 0(A11) = Oess(A11) = [ + 2].
According to the famous Weyl’s theorem on the conservation of the essential spectrum under
finite rank perturbations implies that the essential spectra of operators h, and h, coincide.
Therefore
Uess(hu) = Oess(ho) = [, & + 2].
One can see that
min(e+1—(cos3x))=e+1—-1=c¢

x€T1

max(e+1—(cos3x))=e¢+1+1=¢e+2

x€T1
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We consider the eigenvalue equation h, f = zf. This equation can be written as the following
system of equation:

(
| et [ smEofod =2 W
T1
Lusin(3x) fo+ (e+1+cos(3x)fi(x) = zfi(x)

We write the second equation of the system of equation (1) in the form:

usin(3x) fo = (z—€ -1+ cos(3x)) f1(x) (2)
Since z ¢ [g;e+ 2], for any x € T* we have €+ 1 —cos(3x) —z # 0. Then from the
equality (2) for f; (x) we obtain

B usin(3x)
fix0) = z e—1+cos(3x)f0 ®
Substituting the expression (3) for f; (x) into the first equation in the system (1), we obtain
2 f sin?(3t) dt — o
efo tu Z—£—1+COS(3t)f0 2fo =
']I‘l
or
B 5 sin?(3t)dt B
Jole—z+u fs—z+1—cos(3t) =0

T1
For any fixed u > 0, we define an analytic function A, () in C\[&; £ + 2] by:

AG) = X f sin?(3t)dt
wz) = emzm M) ) e+ 1—cos(3t) — 2
T

Usually the function A, () is called the Fredholm determinant associated with the operator
matrix hy,. Let us establish a relation between the eigenvalues of h, and zeros of A, (*) .
Lemma 1. For any fixed u > 0 the operator matrix A, has the eigenvalue z, € C\[&; £ + 2]
if and only if A,(z,) = 0.
From Lemma 1 it follows that for the discrete spectrum of <A, the equality

odisc(Ay) ={z € C[g; e + 2]: A, (2) = 0}
holds.

The following lemma describes the number and location of the operator matrix A,,.
Lemma 2. For any u > 0 the operator matrix h, has two eigenvalues, one to the left of £ and
the other to the right of € + 2.

For the spectrum of operator matrix h, we have

o(h,) = { (1)} [g;e+2], if u< 1/\/?
a(hu) {E(l)} [e;e+ 2] U {Ef)}, if u> 1/\/E
where the numbers E!E ) and E,S ) are zeros of A, () where
Elgl) <eg, Eﬁz) >¢e+ 2.
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Indeed,

sin?(3t)dt o J sin?(3t)dt

A =c—¢c—pu? f = —_— =
we)=e—e—u e+ 1—cos(3t) —¢ # A 1 — cos(3t)
T

f (1 = cos(3t))(1 + cos(3t))

1= cos(30) dt = f dt = —2mu? < 0;

sin?(3t)dt B
e+1—cos(3t) —e—2

A(e+2)=e—e—2—p? f
']I*l

242 f sin?(3t)dt , [ (1—cos(3t))(1 +cos(3t))dt
K | 1+ cos(31) B : 1 + cos(3t) B

T T

= -2+ pu? f(l — cos(3t))dt = —2 + u? f dt = — 2 + u?2m;
T! T1

From here one can see that
: 1 .
A(e+2)>0  if pu> /\/E'
; 1
Ay(e+2) <0, if u< /\/E
The following theorem describes the location of essential spectrum of
A,
Theorem 1. The essential spectrum Oess(Ay) of
A, satisfies
o*ess(a‘lﬂ) = [EISI) + ¢ Eﬁl) +e+ 2] Ulge+4], if u< 1/\/E;

o*ess(c%lﬂ) = [Elgl) + & Eﬁl) +e+ 2] Ulg;e+4]u [Ef) + & Elsz) +e+ 4],

if u>1/ .

if u /\/E

Definition 1. The sets oyyo (A, ) and Ginree (A, ) = [&; € + 4] are called the two-particle and
three-particle branches of the essential spectrum aess(c/l”) of A, where

Otwo(Ay) = [Ef) + ¢; EIED +e+ 2] Ulge+4], if u< 1/\/E;
atwo(c/l”) = [Elgl) + & E!Sl) +e+ 2] Ulg;e+4]u [E,Sz) + & EIEZ) +e+ 4],

ifﬂ>1/\/ﬁ
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