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Abstract

A method for solving the Kaup system A number of problems of mathematical physics are
reduced to finding the eigenvalues and orthonormalized eigenfunctions of the Sturm-
Liouville operator. In particular, when solving the equations of string vibration and heat
conduction, which are considered the main equations of classical mathematical physics, by
Fourier method, it is necessary to determine the eigenvalues of the Sturm-Liouville
boundary value problem, orthonormalized eigenfunctions and expand the arbitrary function
into the Fourier series using them.

Keywords: Class of periodic functions, antiperiodic problem, periodic problem,
eigenvalues, Kaup system.

Introduction
INTEGRATION OF THE LOADED ORGANISM SYSTEM KAUP.
Kaup's loaded speech system

P, ==6pp, —a, +7(t)- P, - P "
O = P — 40P, = 2P0, + (1) - [, - 0,
this
p(X,t)L:O = Po(X), C{(X,t)L:o =, (X) (2)
along with initial conditions X according to 7z periodic
p(x+7,t) = p(x,t), q(x+ 7z,t) = q(X,t) 3)
and this
p(x,t), q(x,t) e C3(t >0) N C}(t >0) N C(t >0) (4)

we consider the class of real functions satisfying smoothness conditions. Here y(t) is a

given real continuous function, P,(X), q,(x) € C*(R) given is real 7 are periodic
functions, g,(x) >0.

Teorema 1. If p(X,t) and g(x,t) pair of functions (1)-(4) if there is a solution to the
problem, then the coefficients p(X + 7,t) va q(X + 7,t) is the spectrum of the quadratic




set of Sturm-Liouville operators 7 and t does not depend on the parameters, & (7,t),

n e Z \{0} and the spectral parameters satisfy the following Dubrovin-Trubovits system:

% 2(1) 0, (FO)SGUE, ~ )y — 81)
<N () 2R + 26, () - OPO.DL N Z VD @
Here

1 (E) =y (s £ = \/(gn e G )

In this o,(7,t)=21, neZ \{0} pointers &, (z,t) spectral parameter [A,, ;, 4,,]
when it reaches the edge of its lacuna, it changes to the opposite sign. In addition to this
£ D), =00, o,(nt), =00(r), neZ\{0}
initial conditions are fulfilled. Here &0(7),0(r), neZ\{0} p,(x+7) and
d, (X + 7) are the spectral parameters corresponding to the coefficients.
Proof. This

—y'+q(x+7, )y + 24 p(x+7,t)y— A’y =0 (6)
It is set for the quadratic set of Sturm-Liouville equations

y(0)=0, y(7)=0

of the Dirichlet problem & =& (7,t), neZ\{0} normalized eigenfunctions
corresponding to eigenvalues Y, (X,7,t), n € Z \ {0} we define through.
This

= (Y7, ¥a) + (@Y, Vo) + 28,(PY,, ¥,) = &7 =0

the moment t Differentiating by , we get the following equality
- (yr,':’ yn) - (yg’ yn) + (qtyn + qyn’ yn) + (qyn’ yn) +
+28,(PYnr V) + 28, (P + PV Ya) +28,(PYnr Vo) = 28,6, =0 (1)

Here L, (0, 7) scalar multiplication of space was used. ~ We write the last equation as

follows
(_ y: + qyn + 2§n pYn’yn)+(_ yg + qyn + 2§n pyn’Yn)+
+ (0 Yy + 28, P Yas Yo )+ 25, (DY, Y,) — 26,6, =0,
Zé&n[gn _(pyniyn)]:(qtyn + zé:n ptyn’yn)’
ya’ni
ZSn(én | pyﬁdXJ = [(q, +2&,p,)y2dx. (8)
0 0

This
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p,(X+7,t)=—6p(X+7,t)p, (x+7,t)—q,(X+7,t)+y(t)pO,t)p, (X+7,1),
q,(x+7,t) = p,, (x+7,t) —4q(x + 7,t) p, (X + 7,t) —

-2p(x+7,t)q, (X+7,t) + y(t) p(0,t)q, (X + 7,t)
using the facts, we can write the equation (8) as follows

25{& - pyﬁde = [P, —4aP, —2pq, + (1) p(0,t)q, +
0 0

+28,[-6pp, — 0, + 7(©) P(0.,t) p, Ty, dx. )
The beginning of the function under the integral y, and Y, we look for it in the form of a

quadratic form, {ay’ +by y’ +cy’’} =

:{pxxx - 4qpx -2 pqx + 7/(t) p(oit)qx + 2§n [_6 ppx - qx + 7/(t) p(O,t) px]}yr?

(10)

Here a=a(x,7,t,£,), b=b(x,7,t,&,), c=c(x,7,t,&,) Yy, and Yy, does not depend

on . (10) by calculating the derivatives on the left side of the equation

yr=[a+2p&, - &y,

if we use the facts, the following equality is formed

(@' +bg +2bp&, —b&r)y? +(2a+b'+2cq+4pcs, —2¢87)y, Y, + (b +c)y,’ =

={P. —4ap, —2pq, +7(t) p(0,t)q, + 2&,[-6pp, —q, + 7(t)p(0,t) p, I}y,
(11)

According to this

b=—c' a=%c"+c-(5§—2p§n—q),
Pro — 40P, — 2P0, + () p(0,t)q, +2&,[-6pp, —q, +7({t)p(0O,t) p,]1=
1 m ! ! !
=5¢ +2¢'- (&7 -2pé, —q)—c-(2p'&, +4). (12)

The left side of the last equation &, Since is a linear function of , so is the right side &,

must be a linear function of c(X,z,t,&,) &, We look for 1st degree polynomial with
respect to:
c(x,7,t,&,) =c,(x,7,t)¢, + ¢ (X,7,t). (13)
(13) expression (12) let's put it in equality and &, If we compare the coefficients in front
of the corresponding levels of
c,(x,7,t)=2, c,(x,7,t)=2p(x+7,t)—y(t)p(0,1) (14)

we will have equalities.
(10) according to the situation
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> f 1 " [Z 2 '
2§n[§n—fpy§d><]={[§c +C-(§§—2p§n—q)]yﬁ—cynyﬁcyf} =
0

0

=c(m,7,6.&,) Y2 (7,7.0) —¢(0,7,1.£,) Y2 (0,7.1). (15)
This c(X,7,t,&,) function X according to 7z considering that it is periodic, (15) equality
takes the following form

25,1(5” —T pyrfdxj =c(0,7,t,5,)ly, (7, 7,) -y, (0.7, 1)]. (16)

Here it is

c(x,7,t,&,) =28, +2p(x+7,1) — »(t) p(0,1)
using the expression below

Zé{én —][ pyﬁde ={2&, +2p(z,)) = y(t) p(O, 0}y’ (77,7,1) = y;* (0,7, 1)]

7

equality follows.
If
2[4 - p(x+ 2,0 (x, 2,7 )dx = 5/, A, 7,1) DA s(ﬂ,z,r,t)w
if ?Ne use the formula, we get the following equality:

28 o — 2]2 p(x+7,1)s*(x,& ,7,t)dx = S'(ﬂ,fn,r,t)w . (18)
Here 0

o = [$*(%,&, (1), 7.1)dx.

This O

V(% 70) = S(x,E, (1), 7,1)
a

n

putting expression (17) into formula, we use equality (18):
25{5&5 -] pSZ(X,fn,f,t)dX}
0

={2&, +2p(z.t) - y @) p(O.O)}-[s"* (7,&,.7,1) 1],

&5(m g, r ) 2D e 1 2p(e,) - HOPOD} 57 (7.5, 7.0) 1]
. 08(7,&,,7,1) B | o B 1
& St e 1 2p(e0) - (0pO.0} [S(ﬁ,én,f,t) oD fn,f,t))




(19)

This

c(x,4,7,1)s'(x,4,7,t) —c'(x,4,7,t)s(x, 4,7,t) =1

In the case of Vronsky X =7 and A=¢, say,

c(r &)=

s'(,6,,7:1) (20)
originates. From this equality and this

[c(z,A,7,t) —s'(x, A, 7,0)]" = (A°(A) — 4) — 4c (7, A, 7, 0)s(x, A, 7, 1)
using ayniyant we get the following

s'(7,6,,7.1) —,——0 (T )N () - (21)

§'(7,8,,7.1)
Here
A(A)ZC(ﬂ',ﬁ,t)'i‘S'(ﬂ',l,t), o (T,t):Sign S,(ﬂ',é: ,T,t)— 1 .
’ ’ s'(7.&7.t)

If (21) expression (19) , we get the following equation

: A (&) -4

& =25, + 200 -/ OpOVR ZENTENE gy

oA
This
N (2)—d=—dr (A 2,)(A—2) [] L7 Il<)2(i Aa),
0#k=—00
s(z, A, t,t)=7x ﬁ M
0#k=—00 k

using expansions, we write the expression (22) as follows:
gn = 2(_1)" O, (T!t)Sign(n) ) \/(gn - ﬂ“Zn—l)(ﬂ“Zn - gn) X hn (9&) X
x{2&, +2p(z,t) - y(t) p(0, 1)} (23)

In this we also used the following equality:

sign{ Hé" ”} (=1 "sign(n).

k;tn 0

Hence, equality (5) is derived.
If we replace the boundary conditions with periodic or antiperiodic conditions, equations

(17) are in place/in =0, neZ equations are formed. So,A4,, neZ eigenvalues of

periodic and antiperiodic matter t does not depend on the parameter. Theorem 1 is proved.

Footnote 1. The formula of these traces
A+ ﬂ,

=22 3 |

0#k=—00

A + Aoy

5 - & (r,t)j (24)
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using (2.5) it is possible to write the system in "closed"” form.
The result 1. Theorem 1 above gives a way to solve problem (1)-(4):

1) First of all p,(X+7) va q,(X + ) for the quadratic set of Sturm-Liouville equations

with coefficients 4, neZ, £)(z), o (r) , ne Z \{0} we find the spectral ones;
2) Then, (5)+(6) Koshi issue 7 =0 take it off when it is, & (0,t), neZ \{0} we find
spectral parameters and formula (24). p(0,t) we define;
3) After that, (5)+(6) Koshi issue 7 Solving the Cauchy problem at an arbitrary value of
the parameter, &, (z,t), o, (z,t), n€ Z \{0} we find the spectral parameters;
4) These solutions (24) and the following

Q(e.0) 4 20%(r.0) = (11)2;(40)2 S [(42“)2;(@)2 _ ff(f,t)j

0#k=—c0

put in the trace formula, p(x,t) va q(X,t) we define functions.

Summary:

Using the inverse spectral problem posed for the quadratic set of Sturm-Liouville operators
with periodic coefficients, the Cauchy problem posed for Kaup's loaded state system was
solved in the class of periodic functions. The term loaded in the class of periodic functions
is applied to find solutions of the Cauchy problem in the periodic class for the Korteweg-de
Vries equation.
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